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In this paper, uncertainty quantification is used to investigate the propagation of the 
uncertainty of the pressure sensitive paint (PSP) thickness distribution to the uncertainty of 
aerodynamic force measured. Specifically, airfoil surface pressure coefficient ( ࡯࢖ ) and 
aerodynamic lift coefficient (࡯࢒) of a natural laminar flow (NLF) wing are analyzed with uncertain 
PSP thickness distribution. The airfoil with PSP applied is parameterized by using a novel 
parameterization method based on radial basis function interpolation. As a characteristic of wing 
aerodynamic performance, ࡯࢒ is determined by surface pressure distribution which can be affected 
by uncertainties of PSP binder thickness. A Kriging response surface method has been used to 
develop a surrogate model to represent the RANS solution of the flow around the airfoil with PSP. 
This enables the use of Monte Carlo simulations to obtain stochastic output, including the 
probability of the occurrence of significantly inaccurate output values affected by the inputs 
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subjecting to Gaussian distributions. An error margin and associated probability for its occurrence 
are recommended to account for uncertainties for the aerodynamic force occurring in the PSP 
measurement. 
Nomenclature 
ܥ௟   =  lift coefficient  ܥ௣  =  pressure coefficient ܥ௟ǡ௢   =  lift coefficient of original airfoil without PSP ܥ௣ǡ௢  =  pressure coefficient of original airfoil without PSP ܥ௣ǡா  =  the expected value of pressure coefficient ܥ௟ǡா  =  the expected value of lift coefficient 
CoV  =  coefficient of variation  
COV  =  covariance 
ܦఠ  =  the cross-diffusion term  
E  =  total energy  ܧఊଵ  =  transition source  ܧఊଶ  =  destruction/ relaminarization sources 
F  =  regression process 
F  =  flux vector ܩ௞  =  production of turbulence kinetic energy  ܩఠ  =  generation of Ȧ  
MCM  =  Monte Carlo method 
NFL  =  natural laminar flow 
3 
 
P  =  probability 
݌௑  =  probability density function 
௑ܲ  =  cumulative density function  
PDF  =  probability density function 
PSP  =  pressure sensitive paint 
PT  =  pressure tap 
ఊܲଵ  =  transition source 
ఊܲଶ  =  destruction/ relaminarization sources 
Q  =  vector of conserved variables  
q  =  heat flux  
R  =  correlation model 
RANS  =  Reynolds-average Navier-Stoles equations 
RBF  =  radial basis function 
ܴ݁ఏ௧  =  the transition momentum thickness Reynolds number 
RSM  =  response surface method ܵ௞ǡఠ  =  source terms  
UQ  =  uncertainty quantification 
XYȦ =  Cartesian velocity components  
x =  x and y coordinates  ݔ௖  =  original coordinates of the boundary nodes ݔ௕,ݕ௕  =  coordinates of base line geometry ݔ௖௝,ݕ௖௝ =  control nodes of the interpolation 
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௞ܻǡఠ  =  dissipation due to turbulence  
ȕ  =  regression parameter 
ߚ௞  =  control nodes ߚכ  =  process coefficient ߁௞ǡఠ  =  effective diffusivity 
Ȗ  =  intermittency  
Ȗ- ܴ݁ఏ  =  transition SST model (4-equations model) ߔ  =  radial basis function 
ı  =  standard deviation 
ߪଶ  =  variance 
ȝ  =  expected value (mean) 
ȡ  =  flow density 
Ĳ  =  stress tensor  
 
Subscripts 
 
k   = number of control nodes 
o  = original geometry without PSP 
E  = expected value 
 
5 
 
I. Introduction 
ind tunnel tests involve measurements of flow properties, such as pressure, temperature, density, velocity, and forces 
and moments exerted on an object. Some of the measurements possess certain level of intrusion to the flow field 
and others may cause small geometrical changes that are not negligible.  
 Pressure sensitive paint (PSP) has been used in experimental aerodynamics since the 1990s for measuring the 
surface pressure through oxygen concentration [1]. It utilizes the photoluminescence and oxygen quenching effect to build 
up the correspondence between luminescent intensity and surface pressure distribution. PSP has becoming popular as it 
can provide more detailed and continuous pressure distribution data on aerodynamic surfaces as compared to the 
conventional pressure taps (PT). It has become a useful technique for experimental research for varied aerodynamic 
problems, and has been widely used in transonic flows, hypersonic flows, low-speed flows, and transient flows [2]-[5]. 
PSP measurements can be categorized by types of binder materials with different thickness. For AA-PSP (anodized 
aluminum pressure-sensitive paint) measurement, the thickness can vary from 10-30ȝP. PC-PSP (porous polymer/ceramic 
pressure-sensitive paint) normally has a thickness of 50ȝP7KHWKLFNQHVVRIFRQYHQWLRQDO363 (Polymer PSP) and TLC-
PSP (thin-layer chromatography pressure-sensitivHSDLQW DUHDQGȝP [6]. The thickness uncertainty may affect 
response time and the obtained results. Many studies have been carried out to assess the sources of uncertainty in PSP 
measurement, such as pixel-based and camera-based uncertainties, luminescent light intensity, surface temperature [7][8].   
Hubner et al. [9] investigated the influence of PSP coating to the response time for a thin paint, where pressure features 
of short-duration, transient flow were measured in a shock tube. The difference between the data of PSP measurement and 
that of the transducer was found to range up to 5%. Liu et al. [10] applied a Joukowsky airfoil in subsonic flow to perform 
a complete sensitivity analysis of PSP measurement uncertainty for various systems including paint, photodetector, optical 
filters, and illumination sources. Due to aerodynamic loads, the paint thickness displacements cause the spatial luminescent 
intensity change. These studies regarding the PSP thickness have been so far limited to response time shift and luminescent 
W 
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intensity. From the literature, there has so far no detailed study on the thickness uncertainty due to PSP measurement on 
aerodynamic performance. 
 In the present paper, uncertainty quantification is employed to investigate effects of paint thickness on aerodynamic 
performance in PSP measurement. As the distribution of these features are aleatory, the analysis of the uncertainty 
associated to the features is also required. 
Uncertainty Quantification (UQ) is often considered as a method to give the error bars added to the high fidelity CFD 
predictions [11]. There are varied uncertainty quantification approaches such as Polynomial Chaos method, sensitivity 
analysis approach, Monte Carlo method, surrogate model approach [12], etc. Bunker [15] carried out a study of uncertainty 
of geometrical and operational variations for highly cooled turbine blades by Monte Carlo simulation. Montomoli and 
Massini [16] carried out Monte Carlo simulation with surrogate model to investigate WKHLPSDFWRI³%ODFN6ZDQ´HYHQWRQ
compressor stator hot gas ingestion. The reliability of various conventional UQ methods was assessed for its limits in 
LQFOXGLQJ WKH³%ODFN6ZDQ´HYHQWSUHGLFWLRQMonte Carlo simulation with surrogate model approach was found to be 
efficient and accurate with large amount of realizations. In the present study, Monte Carlo simulations with a surrogate 
model are applied to quantify uncertainties within PSP paint thickness.  
  
II.Flow field computation method and validation   
Recently, an experimental study of an NLF wing at a transonic condition was conducted, for which both PT and PSP 
were used [17]. In this experimental study the NLF wing is a 20 sweep back wing. The stream wise aligned airfoil of the 
wing is a RAE5243 airfoil. The maximum thickness is 11% of the chord [17]. Figure 1 shows the surface pressure 
distribution in the central section of the wing from the computation by SST Ȗ- ܴ݁ఏ model and the experiments by PT and 
PSP [17]. Figure 2 shows the intermittency factor distribution for the central section of the wing. The steep increase in the 
intermittency factor gives the location of transition onset which is around 0.56 of the chord.  It can be seen that the pressure 
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coefficient obtained by PT and numerical computation shows a good agreement at the mid-span upper surface of the wing. 
The computation was conducted with a Mach number of 0.75 and an angle of attack of 3 degree. A difference between 
measured PSP results and PT results can be observed at mid-span upper surface. As conventional techniques, both PT and 
PSP have been widely used in wind tunnel tests as robust measuring techniques and have been well validated. Considering 
the uncertainty for the paint or binder thickness between 10-ȝPPD\ have caused the difference. Despite the small 
dimension, the airfoil shape deviations may still have some significant impact on aerodynamic performance (lift and drag) 
of the wing. The deviation of results from PSP to PT experiment may be attributed to the uncertain PSP binder thickness. 
The aim of this study is to investigate the geometric thickness effect occurring in PSP measurement and provide 
calibration margin if necessary. In this study, the pressure coefficient and lift coefficient of a wind tunnel airfoil model 
with pressure sensitive paint were investigated using uncertainty quantification. In order to achieve the aim of UQ of airfoil 
with PSP, a novel parameterization method based on radial basis function interpolation is proposed first. To carry out MCM 
analysis for UQ, a Kriging Response surface surrogate model has been developed to deal with the large computational 
demand of MCM. 
The governing equations used in this study are compressible Navier-Stokes equations. 
0dV ndS
t : w:
w    w ³³³ ³³³Q F            (1) 
where ȍVWDQGVIRUWKHERXQGHGGRPDLQ. Q is the vector of conserved variables and F is the flux vector. Q and F are 
given by  
 = Tu v EU U U UZ UQ            (2) 
 = Ti j kF F F F              (3) 
where ȡ is the flow density, u, v, Ȧ are velocity components in three Cartesian directions. E is the total energy. F is 
expressed in three directions:  
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where p is the static pressure, Ĳ is the stress tensor and q is the heat flux.  
The transition SST model was used to tackle the NLF wing and airfoil. It is based on the coupling of the SST k-Ȧ
transport equations with one intermittency transport equation and one transition onset criteria equation. The SST k-Ȧ
transport equations are: 
   i k k k k
i j j
kk ku G Y S
t x x x
U U § ·w w w w  *   ¨ ¸¨ ¸w w w w© ¹
        (7) 
   j
j j j
u G Y S D
t x x xZ Z Z Z Z
ZUZ UZ § ·w w w w  *    ¨ ¸¨ ¸w w w w© ¹
      (8) 
where ܩ௞ stands for the production of turbulence kinetic energy. ܩఠ stands for the generation of Ȧ߁௞ and ߁ఠ are the 
effective diffusivity of k and Ȧ. ௞ܻ and ఠܻ are the dissipation of k and Ȧdue to turbulence. ܵ௞and ܵఠ are source terms, 
and ܦఠ stands for the cross-diffusion term.  
The transport equation for the intermittency Ȗ is:  
   
1 1 2 2
j t
j j j
U
P E P E
t x x xJ J J J J
U JUJ P JP V
ª ºw § ·w w w      « »¨ ¸¨ ¸w w w w« »© ¹¬ ¼
      (9) 
where ఊܲଵ and ܧఊଵ are the transition sources, and ఊܲଶ and ܧఊଶ are the destruction/relaminarization sources. 
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The transport equation for the transition momentum thickness Reynolds number ܴ݁ఏ௧ is:  
     ReRe Rej tt tt t
j j j
U
P
t x x x
TT T
T
UU P Pw ª ºw ww   « »w w w w« »¬ ¼
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Fig. 1 Pressure coefficient distribution for PT, PSP and Computation [17]  
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Fig. 2 Intermittency factor distribution for computational result  
 
III.  RBF Parameterization for airfoil with PSP 
The wind tunnel tests indicated PSP can potentially has some significant effects on the pressure distribution and 
therefore the aerodynamic force. This is believed to come from the alternation of the aerodynamic surface due to PSP. 
However, this alternation is non-uniform, unquantified and therefore uncertain. In order to investigate the proposed 
problem, the RAE5243 airfoil for a max thickness of 11% chord with PSP which is consistent with the Ref. [17] was 
considered. 
As PSP normally has a thickness between 10-15ȝP, an appropriate parameterization method for the wind tunnel airfoil 
with PSP painted on is required. A parameterization method [19] is developed based on the radial basis function 
interpolation [20]. This method is used to represent the desired airfoil with paint thickness properly with a small number 
of uncertain parameters and can also present small deviations of the airfoil by altering the design variables.  
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For different geometries with small variations, either deforming mesh method or re-meshing method can be used to 
obtain the new mesh. Both methods require additional computational cost. The RBF parameterization method can generate 
mesh with altered surface directly from the design variables which can effectively increase the efficiency of the process. 
Therefore, for a series of slightly deformed geometries, a set of meshes can be created along with the parametrization 
process directly.  
For a radial basis function, the value of the function only depends on the distance from the reference point called the 
radial center. It can be described as:  
 
׋(x) = ׋(||x||)                                                                            (11) 
 
 The chosen radial basis function is the :HQGODQG¶V C2 function: ׋ȟ ሺ ? െ Ɍሻସ(ȟ). 
 The baseline displacement function transformation utilizes the following:  
  
ݕ ൌ ݕ௕ ൅ Ƚ                                                                            (12) 
 
ݔ ൌ ݔ௕                                                                                (13) 
 
ܣ௜ ൌ ߶ሺට൫ݔ௕ െ ݔ௖௝൯ଶ൅൫ݕ௕ െ ݕ௖௝൯ଶሻ                                                        (14) 
 
ߙ ൌ ሺ௖ െ ݕ௕ሻܯିଵ                                                                     (15) 
 
ܯ௜௝ ൌ ߶ሺට൫ݔ௖௜ െ ݔ௖௝൯ଶ൅൫ݕ௖௜ െ ݕ௖௝൯ଶሻ                                                       (16) 
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where x and y are the x and y coordinates for the new geometries; ݔ௕and ݕ௕ are the coordinates for baseline geometries; ݔ௖௜,  ݕ௖௜ and ݔ௖௝, ݕ௖௝ are the control nodes of the interpolation. The first term in Eq. (12) on the right is baseline function 
which represents the original configuration of the airfoil or the baseline geometry, the second term on the right is the 
displacement function which describes the displacement of interior mesh node. The displacement of the interior mesh node 
can be obtained by computing displacement of geometry boundary node from Eq. (5,6).   
As shown in Fig. 3, a greedy algorithm [18] has been implemented for reducing the control points before the simulation. 
The interpolation error for 63 natural laminar flow airfoils with different number of control points have been compared to 
verify the selected control points on the geometries for constructing the matrix, as shown in Fig. 4. In addition, the matrix 
of the Radial Basis function interpolation for geometric deformation and mesh motion is the same. Therefore, the mesh 
deformation can be computed directly from the matrix along with the geometric deformation with high efficiency. Current 
approach directly defines the geometry, thus there is no interpolation error.  
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Fig. 3 Flow chart of greedy algorithm 
 
 
Fig. 4 Geometric inverse fitting test and results 
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Fig. 6 Mesh quality  
 
Table 2:  Grid convergence  
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In order to validate the RBF parameterization method, a geometric inverse fitting process has been carried out by 
comparing a wide range of original airfoils with the RBF representation. The maximum error represents the maximum 
displacement from the parameterized airfoil to its original airfoil. The tolerance for wind tunnel geometries, 5 × 10-4 relative 
to the chord length, is employed as the criteria to exam the fitting accuracy [19]. Fig. 4 shows the geometric inverse fitting 
test and the results by the RBF method. The errors reach 2× ? ?ିହ when the number of control nodes increases from 2 to 
10. Fig. 5 shows the distributions of control nodes for 2 control nodes and 6 control nodes. In this study, 6 control 
parameters are applied as the kernels for the RBF parameterization method. A normalized
nD is considered as input design 
variable subjecting to Gaussian distribution.  
The displacement of geometry is
c by y y MG D   , thus 1= yMD G  . WhenD  is zero, the geometry obtained 
is exactly the original airfoil shape. 
maxD can be obtained IRUDPD[LPXPSRVVLEOHSDLQWWKLFNQHVVȝP. normalD can be 
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obtained IRUDQRUPDOSDLQWWKLFNQHVVȝP 
minD can be REWDLQHGIRUDPLQLPXPSRVVLEOHWKLFNQHVVȝPInstead of 
directly usingD , a normalized n
normal
DD D  is applied as the input design variable to provide a logical way of 
implementing Gaussian distribution to the inputs. Fig. 6 shows the mesh quality contour for a deformed geometry. The 
mesh quality metric is based on the study of P.M. Knupp [21]. Table 2 shows the grid convergence. The grid nodes number 
used in this study is 40000. Fig. 7 shows parameterization of the same airfoil with varied paint thickness distribution. The 
black lines represent different binder thickness distribution. This non-uniformity of binder thickness represents the painting 
process and the uncertain coating property itself. The thick red line represents the original airfoil baseline, while the other 
lines represent airfoils with three random non-uniform binder thickness distributions. The maximum paint binder thickness 
ZDVQRPRUHWKDQȝP according to the PSP property. By giving a set of appropriate parameters as the input of the RBF 
parameterization method, the airfoil shape and mesh with a new non-uniform binder thickness distribution can be obtained, 
and therefore flow simulations can be carried out based on the PSP deformed shapes and the corresponding meshes. Figure 
Fig. 8 shows the near surface meshes for baseline geometry (thick red line) and one deformed geometry (thick black line).  
 
 
Fig. 7 Airfoil with non-uniform paint thickness (Red-line stands for the airfoil baseline) 
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Fig. 8 Mesh deformation near surface  
 
IV.Kriging Surrogate model for airfoil with PSP 
In the last section, the parameterization and mesh generation methods have been described for the airfoil with PSP. A 
standard Monte Carlo simulation method (MCM) is implemented which can give directly the stochastic output and avoid 
the effect by specific models [16]. The MC method converges to the theoretical solution when the number of realization 
approaches infinity theoretically. Therefore the larger the number of experiments is, the more accurate the obtained results 
will be. As the evaluation of the population are carried out by RANS solutions, a large number of realization will lead to 
severe computation time cost using MCM. Therefore, a surrogate model is proposed here to overcome this problem. 
The surrogate model is developed using Kriging interpolation. Kriging interpolation was originally introduced in the 
geostatistics and mining fields. For example, Yamazaki and Arakawa [22] applied the Kriging response surface approach 
to shape optimization of vertical-axis wind turbine airfoils. A kriging model provides a way to predict the response of 
unobserved points based on all of the observed points, and it consists of a global model and local deviations, which is a 
realization of a Gaussian process governed by prior covariance [23]. In this study, a Kriging approximation based response 
surface is employed as the surrogate model. The Kriging model contains a regression process F and a random process z. 
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y [ )ȕ[][                                                    (17) 
 
wheUHWKHFRHIILFLHQWȕLVWKHUHJUHVVLRQSDUDPHWHU7KHUDQGRPSURFHVVFRQWDLQVWKHSURFHVVYDULDQFHɐଶ and a correlation 
PRGHO5ZLWKSDUDPHWHUș [23]. 
 
&29>]Ȧ][@ ɐଶ5șȦ[                                             (18) 
 
For a design space x [ݔଵ,ݔଶ, ..., ݔ௡] and a response Y [ݕଵ, ݕଶ«ݕ௡] the process coefficient Ⱦכ can be determined as 
 
Ⱦכ = (Fሺሻ் ܴିଵ Fሺሻ்ሻିଵ Fሺሻ்ܴିଵY                                                (19) 
 
Therefore, the Kriging predictor can be expressed as: 
y (x) = ்݂Ⱦכ + ݎ்ܴିଵ(Y - FȾכ)                                                 (20) 
 
The kriging surrogate model developed here contains a regression model with polynomials and a correlation model. In 
this case, with 6 input parameters controlling the airfoil PSP painting thickness, about 100 flow simulations are carried out 
to construct the surrogate model. The turbulence model for the flow solution is the SST Ȗ-ܴ݁ఏ model, and the Mach number 
is 0.75. 
 
V.Validation for Kriging Surrogate model 
Validations have been carried out for the surrogate model proposed here. Nine sets of parameters have been randomly 
chosen as inputs for airfoil with different PSP thickness distributions. For each set of parameters, a RANS simulation was 
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carried out providing the coefficient of pressure (ܥ௣) and lift (ܥ௟) as the outputs. The outputs for the surrogate model of 
corresponding set of parameters were also obtained and compared with that of the RANS. As shown in Table 3, for 9 
random parameter series the differences of pressure coefficient at airfoil maximum height position are generally less than 
1.4% compared with RANS results. As shown in Table 4, the differences of lift coefficient from the surrogate model to 
RANS results are all less than 0.6% for 9 random parameter series. These results show that the Kriging surrogate model 
have a reasonably good agreement with the RANS result for ܥ௣ and ܥ௟. Therefore, the Kriging surrogate model was proved 
to represent the RANS solutions accurately, and then to be implemented with MCM for UQ of ܥ௣ and ܥ௟. 
Table 3 Differences of ࡯࢖  at maximum airfoil thickness from the RANS results 
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Table 4 Differences of ࡯࢒ from the RANS results 
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VI.Monte Carlo based UQ for ࡯࢖with kriging surrogate model at airfoil maximum thickness position 
The Monte Carlo methods are stochastic techniques based on the use of random numbers to investigate stochastic 
problems [24]. The input can be expressed from the expected value and standard deviation (SD) of a random variable: 
ݔ௜ = ȝıÂݎ௜                                                                           (21) 
whereݎ௜ is the random value generated with a mean of 0 and an SD of 1 of a Gaussian distribution. For the MCM 
process,  ? ?଻ samples were implemented here. For each sample, a realization of computation via surrogate model has been 
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obtained. For the Kriging surrogate model, 100 flow simulation results with 6 parameters as input have been used to 
construct the surrogate model. 6 input parameters in the Kriging model subjected to Gaussian distribution, shown as  
 
Gaussian PDF = ଵఙ ?ଶగ ݁ିሺೣషഋሻమమ഑మ                                                    (22)  
 
The uncertainty effect was performed in terms of the coefficient of variation (CoV), which is defined as the ratio of 
standard deviation to the absolute expected value of the variable. According to [24], the CoV for geometric variables has 
been taken a moderate value of 3% (commonly 1% can be regarded as low, while 5% can be regarded as relatively high). 
According to previous definition of input variables
nD , the 3-sigma rules [25] and the value of CoV, the input variables 
are expected to follow a Gaussian distribution with a mean value ȝ DQGDVWDQGDUGGHYLDWLRQı  
In order to demonstrate that the stochastic output is properly converged [15], the convergence ratio of the moments 
of the MCM with the surrogate model is shown in Fig. 9. The probability distribution ( )X pp C  of the pressure coefficient 
at airfoil maximum height point is shown in Fig. 10, where X is the random variable.  
The pressure coefficient of original airfoil without PSP paint obtained by flow solutions is ܥ௣ǡ௢= -1.293. The expected 
value of pressure coefficient obtained by surrogate model is ܥ௣ǡா= -1.2742. The standard deviation converges to 0.0078; 
the skewness to -0.025; and the kurtosis to 3.02. The coefficient of variation for pressure coefficient ௣=0.6%.  
In Fig. 11 the cumulative distribution ( )X pP C  for ܥ௣  with deviation was plotted, where
( )= ( ) ( )X p X p pP C p C d C³ . The deviation is the difference between obtained ܥ௣ and the expected value which is also 
the deterministic baseline value of the obtained results. The probability of obtaining a ܥ௣ less than -1.291 is 1%. The 
probability of obtaining a ܥ௣ less than -1.2756 is 50%. The probability of obtaining a ܥ௣ less than -1.261 is 99%. Therefore, 
the chance of having a ܥ௣  less than -1.291 or greater than -1.261 is 1% which can be regarded as a rare event. The 
corresponding lower and upper bonds for deviations are respectively 0.0168 and 0.0136.  
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Therefore, under the effect of PSP paint binder thickness, the pressure coefficient at airfoil maximum thickness 
position increased from -1.293 to -0RUHRYHUGXHWRWKHSDLQW¶Vrandomness and non-uniformity, the captured ܥ௣ 
ranged from ܥ௣ǡா െ0.0168 to ܥ௣ǡா ൅0.0136.  
 
Fig. 9 Convergence of four moments for ࡯࢖ at airfoil maximum height 
 
 
Fig. 10 Probability distribution for ࡯࢖ at airfoil maximum height 
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Fig. 11 Probability of cumulative distribution for pressure coefficient with deviation 
 
Fig. 12 Pressure coefficient distribution for the base line airfoil  
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Fig. 13 Pressure coefficient distribution for airfoil base line and airfoil with PSP  
(Red-line stands for the airfoil shape) 
 
 
Fig. 14 Skin friction coefficient distribution baseline geometry and two cases  
with random paint thickness distribution  
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FigureFig. 12 shows the pressure coefficient distribution for the base line airfoil. In order to obtain the pressure 
coefficient distribution along the upper surface of the airfoil with the effect of paint thickness, surrogate model with MCM 
has been implemented for several positions along the chord. Fig. 13 shows the comparison of pressure coefficient before 
the shock between airfoil base line and airfoil with PSP. The red-line represents the airfoil shape. Compared to experimental 
result (Fig. 1), a similar trend has been observed where the pressure coefficient distribution with PSP before the shock is 
generally lower than that of the airfoil baseline. Fig. 14 shows the skin friction coefficient distribution for the baseline 
geometry case and two random paint thickness distribution cases. The steep increase of skin friction coefficient indicates 
the transition onset position. From the figure we can see that the paint thickness uncertainties can also affect the transition 
onset position to some extent. Therefore, it was found that the thickness of the paint thickness may significantly alter the ܥ௣ distribution. 
 
VII.Monte Carlo based UQ for ࡯࢒with kriging surrogate model 
The uncertainty quantification for aerodynamic performance (ܥ௟) has been analyzed in this section. The convergence 
of the four moments are performed and shown in Fig. 15.The expected value for lift coefficient is ௟ǡா= 0.6376. The 
standard deviation converges to 0.0216; the skewness to 0.452; and the kurtosis to 5.328. As the ௟ without PSP binder 
thickness was ܥ௟ǡ௢ = 0.6415, a drop down of 0.0039 in ௟ has been obtained due to the PSP thickness effect. The coefficient 
of variation for lift coefficient ௟=3.38%. According to the previous discussion for pressure coefficient, the drop down 
of ௟ was consistent with the increased ௣ on upper surface of airfoil before the shock due to the PSP binder thickness. The 
probability distribution ( )X lp C  for ௟  is shown in Fig. 16. Fig. 17 shows the cumulative distribution ( )X lP C for ܥ௟ with 
deviation, where ( )= ( ) ( )X l X l lP C p C d C³ . The deviation is the difference between obtained ܥ௟ and the expected value. 
The probability of obtaining a ܥ௟ less than 0.6149 is 1%. The probability of obtaining a ܥ௟ less than 0.6476 is 50%. The 
24 
 
probability of obtaining a ܥ௟ less than 0.7041 is 99%. Therefore, the chance of having a ܥ௟ less than 0.6149 or greater than 
0.7041 is 1% which can be regarded as rare event. The corresponding lower and upper bonds for deviations are respectively 
0.0227 and 0.0665.  
Therefore, under the effect of average PSP paint binder thickness, the lift coefficient decreased from ܥ௟ǡ௢= 0.6415 to ௟ǡா = GHWHUPLQLVWLFDOO\0RUHRYHUGXHWRWKHSDLQW¶Vrandom non-uniformity, ܥ௟ deviation varies from ܥ௟ǡா െ0.0227 
to ܥ௟ǡா ൅0.0665.  
The Statistic moments and results were showed in Table 5. The standard deviation is 0.0216 which quantifies the 
amount of dispersion of the data. The distribution of ܥ௣has a positive skewness that can also be found from output 
distribution in Fig. 16. The kurtosis value indicates the presence of infrequent extreme deviations that accounts for the 
³%ODFNVZDQ´HYHQW7KHXQFHUWDLQW\TXDQWLILFDWLRQUHVXOWVXJJHVWVDGHYLDWLRQRIWKHOLIWFRHIILFLHQWUDQJLQJfrom -0.0227 
to +0.0665. Therefore a percentage deviation ranging from -3.5% to +10.4% was obtained by using the lower and upper 
bonds of deviation divided by௟ǡா. As seen in the obtained results of outputs, compared with UQ for ܥ௣, performance 
parameters of UQ for ܥ௟ shows a larger CoV. It can be found that the measured ܥ௟ can be under-predicted by up to 3.5% 
and over-predicted by up to 10.4% relative to the deterministic value with a probability of occurrence less than 0.01. For a 
higher chance about 10% of occurrence, the measured ܥ௟ can be under-predicted by up to 1.2% and over-predicted by up 
to 5.8% relative to the deterministic value. 
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Fig. 15 Convergence of four statistic moments  
 
Fig. 16 Output ࡯࢒ probability distribution  
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Fig. 17 Probability of obtaining deviation for lift coefficient beyond certain range 
 
Table 5 Statistic moments and results 
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.ULJLQJ      a 
 
VIII.Conclusion 
To investigate the uncertainty caused by the paint thickness in PSP measurement, a parameterization and mesh 
generation method has been developed to represent an NLF airfoil with small deviations on the upper surface due to the 
addition of the PSP binder thickness. From the results obtained via kriging surrogate model, it was found that the surrogate 
model can provide output values with negligible deviations from that of the flow simulations, proving the accuracy of the 
surrogate model. Monte Carlo simulations have been carried out with  ? ?଻ samples of geometric uncertain variables with a 
CoV of 3%.  
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On the aerodynamic uncertainty due to thickness effect, the following conclusions can be drawn. By using the proposed 
surrogate model with MCM, the variation of paint thickness has been proved to be one of the reasons to account for the 
decrease in measured pressure ahead of the shock wave as observed in the wind tunnel PSP measurement. The uncertainty 
effects on measured pressure coefficient and lift coefficient have been studied. From the results we found that the small 
geometric shape alteration of the airfoil due to the paint thickness can lead to an increase of flow compressibility, which 
will in turn cause the shock forward lead and a slightly pressure increase ahead of the shock. The geometrical uncertainty 
will lead to errors of the measured results to some extent. The pressure coefficient shows a CoV of 0.6%, and the lift 
coefficient shows a CoV of 3.8%. The extreme values of scatter in lift coefficient show up to 10.4% greater and 3.5% less 
than the deterministic baseline value, although with a probability of occurrence of less than 1%. However, for a higher 
chance about 10% of occurrence, measured lift coefficient can be under-predicted by up to 1.2% and over-predicted by up 
to 5.8% relative to the deterministic value. This study further verified that the PSP is a high accuracy measuring technique, 
though considering the geometrical error due to the different paint thickness. Even for the rare event, the accuracy of the 
PSP is about 90%. The uncertainty quantification results provide useful bonds on measured pressure and lift coefficient in 
PSP measurement. The geometric uncertainties due to thickness variation can affect the measured results. 
It is worth noting that this work is based on theoretical model with assumptions of input CoV. The outcome of this 
study clearly shows the necessity of incorporating randomness of geometric variables in the PSP measuring process of 
aerodynamic experiment. Shifting from deterministic point of view to uncertainty quantification, UQ allows for 
quantification of the effects of the uncertain geometric input on the measured aerodynamic forces acting on the airfoil with 
the statistical information. 
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